Abstract. In this paper we present a short material concerning to some results in Morales-Ramis theory, which relates two different notions of integrability: Integrability of Hamiltonian Systems through Liouville Arnold Theorem and Integrability of Linear Differential Equations through Differential Galois Theory. As contribution, we obtain the abelian differential Galois group of the variational equation related to a bi-parametric Hamiltonian system,
Introduction
To understand the Morales-Ramis theory, we need to introduce two different notions of integrability, the integrability of Hamiltonian systems in Liouville sense and the integrability of linear differential equations in Picard-Vessiot sense.
Integrability of Hamiltonian Systems.
From the previous section, let us consider a n degrees of freedom hamiltonian H. The equations of the flow of the hamiltonian system, in a system of canonical coordinates, x 1 , . . . , x n , y 1 , . . . , y n , are writtenẋ = ∂H ∂y ,ẏ = − ∂H ∂x , and they are known as Hamilton equations. We recall that the Poisson bracket between f (x 1 , x 2 , y 1 , y 2 ) and g(x 1 , x 2 , y 1 , y 2 ) is given by {f, g} = n k=1 ∂f ∂y k ∂g ∂x k − ∂f ∂y k ∂g ∂x k .
We say that f and g are in involution when {f, g} = 0, also we say in this case that f and g commute under the Poisson bracket. In this way, we can write the Hamilton equations as follows:
x = {H, x},ẏ = {H, y}.
A hamiltonian H in C 2n is called integrable in the sense of Liouville if there exist n independent first integrals of the hamiltonian system in involution. We will say that H in integrable by terms of rational functions if we can find a complete set of integrals within the family of rational functions. Respectively, we can say that H is integrable by terms of meromorphic functions if we can find a complete set of integrals within the family of meromorphic functions. The following examples can illustrate a procedure to obtain first integrals, see also [3] for further examples.
Example. Consider the following hamiltonian, which we will proof that is integrable.
(1)
the Hamilton equation for H are.
From the Hamilton equations corresponding to H we have
A solution for the above system is
For instance, a first integral corresponding to H is
and therefore another first integral corresponding to H is
In this way, we have that H and I are first integrals, independent and in involution due to
and {H, I} = 0.
We denote by X H the hamiltonian vector field, that is, the right-hand side of the hamilton equations. In a general way, we deal with non-linear hamiltonian systems. For suitability, without lost of generality, we can consider hamiltonian systems with two degrees of freedom, that is a hamiltonian H in C 4 . Let Γ be an integral curve of X H , being Γ parametrized by γ : t → (q 1 (t), q 2 (t), p 1 (t), p 2 (t)), the first variational equation (VE) along Γ is given by,
1.2. Picard-Vessiot Theory. The Picard-Vessiot theory is the Galois theory of linear differential equations. In the classical Galois theory, the main object is a group of permutations of the roots, while in the Picard-Vessiot theory is a linear algebraic group. In the remainder of this paper we only work, as particular case, with linear differential equations of second order
Suppose that y 1 , y 2 is a fundamental system of solutions of the differential equation. This means that y 1 , y 2 are linearly independent over C and every solution is a linear combination of these two.
, that is the smallest differential field containing to C(x) and {y 1 , y 2 }.
The group of all differential automorphisms of L over C(x) is called the Galois group of L over C(x) and denoted by Gal(L/C(x)) or also by Gal 
is an algebraic subgroup of GL(2, C). Moreover, the Galois group of a reduced linear differential equation
is an algebraic subgroup SL(2, C). Let F ⊂ L be a differential field extension, and let η be and element of L, then (1) η is algebraic over F if η satisfies a polynomial equation with coefficients in F , i.e. η is an algebraic function of one variable.
Algebraic, primitive and exponential functions are called Liouvillian functions. Thus a Liouvillian function is built up using algebraic functions, integrals and exponentials. In the case F = C(x) we get, for instance logarithmic, trigonometric functions, but not special functions such that the Airy functions. Solvability of LDE is expressed in terms of these function. This is one of the main results of Picard-Vessiot theory. The integrability and Galois group of this equation has been studied by the first author in his PhD thesis, where is proved that the differential Galois group is abelian for all m ∈ C.
Morales Ramis Theory
We want to relate integrability of hamiltonian systems to Picard-Vessiot theory. The following theorems treat this problem.
Theorem 3 (Morales-Ramis, [5] ). Let H be a Hamiltonian in C 2n , and γ a particular solution such that the NVE has regular (resp. irregular) singularities at the points of γ at infinity. Then, if H is completely integrable by terms of meromorphic (resp. rational) functions, then the Identity component of Galois Group of the NVE is abelian.
To understand completely this technical result, it is required a formal study of concerning to differential Galois theory and Morales-Ramis theory. We can illustrat this theorem through the following examples, but only for a basic level.
Example. We study the conditions of the previous theorem in the hamiltonian system given in equation (1), which is given by
The hamilton equations are: 
, which corresponds to a Cauchy-Euler equation, thus, the Galois group is abelian due to the hamiltonian system is integrable.
The following examples were taken from [1] .
Example. Consider the hamiltonian
where Q(q 1 ) is a polynomial and β (q 1 , q 2 ) is a function of two variables with continuous partial derivative and lim
The hamilton equations are:
taking the invariant plane q 2 = p 2 = 0. we have q 1 (t) = at + b and the variational equation is:
is a polynomial then the Galois group is not abelian, although in some case is solvable (see [1] ), hence the Hamiltonian System is not integrable by MoralesRamis Theorem.
Example. Consider the following hamiltonian
Where λ i ∈ C, with λ 3 = 0, β (q 1 , q 2 ) is a function of two variables with continuous partial derivative and lim
Taking q 2 = p 2 = 0 and setting H (q 1 , 0, p 1 , 0) = h, we see that
Now, we pick h = λ 0 , thus we have
For instance the variational equation is
replacing in equation (4) we have
where p (t) = 2λ 1 + 2 ± √ λ 4 t + c . and consequently the Galois group of (5) is not abelian hence the hamiltonian system is not integrable.
Where a, b, c ∈ C. The hamilton equations are:
taking the invariant plane q 1 = p 1 = 0 we have
25t 2 q 1 is a Cauchy-Euler equation, the Galois group is the identity, this group is abelian but we cannot state that the Hamiltonian system is integrable.
The previous theorem of Morales-Ramis was extended by Morales-Ramis-Simó. Theorem 4. (Morales-Ramis-Simo, [7] ). Let H be a Hamiltonian in C 2n , and γ a particular solution such that the NVE has regular (resp. irregular) singularities at the points of γ at infinity. Then, if H is completely integrable by terms of meromorphic (resp. rational) functions, then the identity component of Galois Group of any linearised high order variational equation is abelian.
The following example illustrate the way to compute the second order variational equation.
Consider the Hamiltonian 
Taking as invariant plane Γ = {(q 1 , q 2 , p 1 , p 2 ) : q 2 = p 2 = 0} we obtain first variational equation
where
2 , ξ
3 , ξ
)
T and q 1 = q 1 (t), being (q 1 (t), 0,q 1 (t), 0) a particular solution of the hamiltonian system over the invariant plane.
The second variational equation is given by 
1 , ξ
T . The following is our original contribution to this paper. Proposition. Assume the Hamiltonian system given by H = p and for instance the Galois group is always abelian.
